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SYMMETRIC WAVES ARE TRAVELING WAVES
MATS EHRNSTRÖM, HELGE HOLDEN, AND XAVIER RAYNAUD
Abstrat. We show that horizontally symmetri water waves are
traveling waves. The result is valid for the Euler equations, and is
based on a general priniple that applies to a large lass of nonlinear
partial dierential equations, inluding some of the most famous
model equations for water waves. A detailed analysis is given for
weak solutions of the CamassaHolm equation. In addition, we
establish the existene of nonsymmetri linear rotational waves for
the Euler equations.
1. Introdution
This paper is devoted to the relation between symmetri and travel-
ing water waves. The physial setting is that of two-dimensional surfae
gravity waves propagating in a perfet uid over a at bed (f. [19℄).
The uid is this thus assumed to be invisid with onstant density, and
the eets of surfae tension are negleted.
It is a striking fat that the traveling water waves known to exist
are all symmetri (f., e.g., [10, 29℄). Symmetry is moreover a priori
guaranteed for large lasses of traveling waves, inluding those with a
monotone surfae prole between troughs and rests [4℄. This raises
the intriguing question whether the lasses of traveling and symmetri
waves are idential.
This investigation gives a partial and armative answer to that ques-
tion: we show that any horizontally symmetri wave by neessity has
to be a traveling, i.e. steady, wave. That means that the axis of sym-
metry moves with onstant speed, and that the shape of the surfae
remains unhanged. The result, whih is based on a general priniple,
is valid under the assumption that the initial value problem admits
a unique solution. It applies to a wide lass of nonlinear dierential
equations, among them the Euler equations, the Kortewegde Vries,
the CamassaHolm, the DegasperisProesi, and the BenjaminBona
Mahoney equations.
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On the other hand, we also show that within the linear approxi-
mation of the full water-wave problem, there do exist nonsymmetri
traveling waves. The existene of steady nonsymmetri gravity waves
for the full nonlinear problem has been a long-standing open problem.
Although the waves we onstrut do not solve the full Euler equations,
they point to the possible existene of their nonlinear ounterparts.
Thus, while the rst result greatly strengthens the relation between
symmetri and traveling water waves, the seond one indiates that,
after all, the two lasses may not be idential.
The paper has the following disposition. In Setion 2 we prove the
general priniple, asserting that horizontally symmetri solutions to a
large lass of nonlinear evolution equations have to be traveling-wave
solutions. For transpareny, the proof is arried out for lassial solu-
tion. The same idea applies to many equations where it is of interest
to onsider also weak solutions. For example, to inlude the important
lass of multipeakon solutions for the CamassaHolm equation [3℄, one
has to extend the solution spae beyond dierentiable funtions. In
Setion 3 we therefore apply it to the CamassaHolm equation, show-
ing how to modify the argument to aommodate for weak solutions.
Setion 4 ontains the orresponding proof for the full Euler equations,
assuming that we are in a setting with unique lassial solutions.
Finally, in Setion 5 we disuss the possibility of nonsymmetri waves
for the Euler equations by bifuration from a nonsymmetri kernel.
Some bakground on symmetry for exat water waves is given, and by
means of inverse SturmLiouville theory, nonsymmetri solutions for
the linearized Euler equations are onstruted.
2. A general priniple
The general priniple that underlies the results in this paper is best
studied in the general setting, assuming smooth solutions of the non-
linear partial dierential equation.
Denition 2.1. A solution u is x-symmetri if there exists a funtion
λ ∈ C1(R+) suh that for every t > 0,
u(t, x) = u(t, 2λ(t)− x)
for almost every x ∈ R. We say that λ(t) is the axis of symmetry.
Next we show that for a general lass of dierential equations, x-
symmetri waves are indeed traveling waves.
Theorem 2.2. Let P be a polynomial. We onsider the equation
P (∂x)ut = F (u) = F¯ (u, ∂xu, . . . , ∂
n
xu), n ∈ N, (2.1)
and assume that this equation admits at most one lassial solution
u(t, x) for given initial data u(0, x). If P is even and F¯ satises
F¯ (a0,−a1, a2,−a3, · · · ) = −F¯ (a0, a1, a2, a3, · · · ) (2.2)
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for all ai ∈ R, or if P is odd and F¯ satises
F¯ (a0,−a1, a2,−a3, · · · ) = F¯ (a0, a1, a2, a3, · · · ) (2.3)
for all ai ∈ R, then any x-symmetri solution of (2.1) is a traveling
wave solution.
Remark 2.3. Property (2.2) an be rewritten as the following ondition
on F :
F (u(−x)) = −F (u)(−x) (2.4)
for all smooth funtions u : R → R and x ∈ R, while property (2.3) is
equivalent to
F (u(−x)) = F (u)(−x) (2.5)
for all smooth funtions u : R→ R and x ∈ R. One an also hek that
P (∂x) satises (2.5) if P is even and (2.4) if P is odd.
Remark 2.4. We formulate and prove Theorem 2.2 for lassial solu-
tions, but whenever a weak formulation is available, a more tehnial
argument is required. We illustrate this in the ase of the Camassa
Holm equation in the next setion, f. Theorem 3.3.
Remark 2.5. Some equations that fulll the formal requirements of
Theorem 2.2 are the Kortewegde Vries equation
ut + uxxx + 6uux = 0,
the BenjaminBonaMahony equation,
ut − uxxt + ux + uux = 0,
the DegasperisProesi equation,
ut − uxxt + 2κux + 4uux = 3uxuxx + uuxxx,
and the KadomtsevPetviashvili equation,
(2ut + 3uux +
1
3
uxxx)x + uyy = 0.
Proof. We pursue the proof for the ase when P is even and F satis-
es (2.4); the proof of the other ase is similar. Observe rst that if
u¯(t, x) = U(x− ct) is a traveling wave, then
P (∂x)∂tu¯ = P (∂x)(−c∂xU(x− ct)) = −cP (∂x)(∂xU)(x− ct)
and
F (u¯) = F (U(x− ct)) = F (U)(x− ct).
Thus if u¯(t, x) is a solution, we nd that U satises(
P (∂x)u¯t − F (u¯)
)
(t, x) =
(− cP (∂x)Ux − F (U))(x− ct) = 0. (2.6)
Thus u¯ is a traveling wave solution if and only if −cP (∂x)(∂xU) =
F (U).
4 EHRNSTRÖM, HOLDEN, AND RAYNAUD
Let now u(t, x) = u(t, 2λ(t)− x) be an x-symmetri solution of
P (∂x)ut = F (u). Then
0 = (P (∂x)∂t − F )(u(t, x))
= (P (∂x)∂t − F )(u(t, 2λ(t)− x))
=
(
P (∂x)(ut + 2λ˙(t)ux) + F (u)
) ∣∣
(t,2λ(t)−x)
.
where we have used the properties (2.4) and (2.5) for F and P (∂x),
respetively. In view of the fat that x is arbitrary, we infer that
P (∂x)ut = F (u) = −P (∂x)(ut + 2λ˙ux),
and hene
F (u) = −λ˙P (∂x)ux.
Fix a time t0, and dene c = λ˙(t0), and the funtion
u¯(t, x) = u(t0, x− c(t− t0)). (2.7)
Then u¯ is a traveling wave solution sine it satises equation (2.6), and
it oinides with u at (t0, x), that is, u¯(t0, x) = u(t0, x). From unique-
ness with respet to initial data, it follows that u(t, x) = u(t, 2λ(t) −
x) = u(t0, x − c(t − t0)) = u¯(t, x) for all t. Observe that we nd the
expliit expression u(t, x) = U(x− ct) with U(z) = u(t0, z + ct0). 
3. The CamassaHolm equation
The CamassaHolm equation is given by
(1− ∂2x)ut + 2kux + u(1− ∂2x)ux + 2ux(1− ∂2x)u = 0. (3.1)
This equation has been extensively studied due to its amazing proper-
ties, sue it to mention here that it is ompletely integrable with a
Lax pair and innitely many onserved quantities [23℄, and enjoys wave
breaking in nite time [5℄. The ontinuation of solutions past wave
breaking has turned out to be subtle, and important non-uniqueness
issues have to be addressed [1, 2, 16, 17℄. Furthermore, its preise
meaning as a model for water waves has reently been laried [8℄, and
it has an interesting geometri interpretation [7℄.
An important lass of solutions of the CamassaHolm equation on-
sists of multipeakons. These solutions an be written as a nite number
of peakons, eah behaving like ce−|x−ct| lose to the peak, and inter-
ating in a partile-like fashion. Observe that multipeakons are not
dierentiable, and hene it is required to study weak solutions.
Let R+ := (0,∞). We use the following denition of weak solutions
of the CamassaHolm equation.
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Denition 3.1. A funtion u(t, x) is a weak solution of the Camassa
Holm equation if u ∈ C(R+, H1(R)) and∫∫
R+×R
[
u((1− ∂2x)ϕt + 2kϕx) + u2
(
3ϕx
2
− ϕxxx
2
)
+ u2x
ϕx
2
]
dt dx = 0,
(3.2)
for all ϕ ∈ C∞0 (R+ × R).
Remark 3.2. Sine C∞0 (R+ × R) is dense in C10(R+, C30(R)), one an
prove by a density argument that Denition 3.1 is unhanged if one
only onsiders test funtions in C10(R+, C
3
0(R)).
The Camassa-Holm equation is not well-posed in C([0, T ], H1(R)):
Given T > 0, one an allways onstrut a solution u(t, x) and a se-
quene of solutions un(t, x) suh that limn→∞ u
n(0, ·) = u(0, ·) in H1(R)
and ‖un − u‖C([0,T ],H1(R)) ≥ 1. However, we have the following well-
posedness results when onsidering partiular ases of initial data:
Case (i) If u0 ∈ Hs for s > 3/2 then there exists T > 0 depending only
on ‖u0‖Hs suh that there exists a unique solution u ∈ C([0, T ], Hs),
f. [28℄.
Case (ii) If u0 ∈ H1 and u0 − u0,xx is a positive Radon measure, then
there exists a unique global solution, see [9, 31℄.
In both ases one has to onsider weak solutions. The rst ase exludes
multipeakons as they satisfy u(t) ∈ Hs for s < 3/2, while the seond
ase inludes multipeakons of denite sign (that is, only peakons, no an-
tipeakons). Using the braket notation for distributions, (3.2) rewrites
as
〈u, (1− ∂2x)ϕt + 2kϕx〉+ 〈u2,
3ϕx
2
− ϕxxx
2
〉+ 〈u2x,
ϕx
2
〉 = 0. (3.3)
We are interested in the weak solutions of the CamassaHolm equa-
tion whih are x-symmetri. For suh solutions, the following theorem
holds.
Theorem 3.3. Let u be a weak solution of the CamassaHolm equation
with initial data suh that the equation is loally well-posed (ase (i) or
(ii) above). If u is x-symmetri, then it is a traveling wave.
The next lemma provides a suient ondition on the initial ondi-
tions of the traveling waves.
Lemma 3.4. If U ∈ H1(R) satises∫
R
(
U(2k− c(1− ∂2x))ψx+U2
(3
2
ψx− 1
2
ψxxx
)
+
1
2
U2xψx
)
dx = 0, (3.4)
for all ψ ∈ C∞0 (R), then u given by
u(t, x) = U(x− c(t− t0)) (3.5)
is a weak solution of the CamassaHolm equation, for any t0 ∈ R.
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Proof. We an assume without loss of generality that t0 = 0. By using
the Fourier transform, it is immediate that the translation map a 7→
U(x+a) is ontinuous R→ H1(R). Sine t 7→ c(t− t0) is real analyti,
it thus follows that u as given by (3.5) belongs to C(R, H1(R)).
For any funtion ϕ ∈ C∞0 (R+ × R), we have that
〈u, ϕ〉 = 〈U, ϕc〉, 〈u2, ϕ〉 = 〈U2, ϕc〉 and 〈u2x, ϕ〉 = 〈U2x , ϕc〉
where we denote
ϕc = ϕ(t, x+ ct).
The following ommutation identities
(ϕc)t = (ϕt)c + c(ϕx)c (3.6)
and
(ϕc)x = (ϕx)c (3.7)
are easily seen to be valid. Let us hek that (3.2) holds. By using
(3.6) and (3.7), we obtain
〈u, (1− ∂xx)∂tϕ+ 2kϕx〉 = 〈U,
(
(1− ∂xx)∂tϕ+ 2kϕx
)
c
〉
= 〈U, (1− ∂xx)(∂tϕc − c∂xϕc) + 2k∂xϕc〉
(3.8)
and
〈u2, 3ϕx
2
− ϕxxx
2
〉+ 〈u2x,
ϕx
2
〉 = 〈U2,
(
3ϕx
2
− ϕxxx
2
)
c
〉+ 〈U2x , (
ϕx
2
)c〉
= 〈U2, 3∂xϕc
2
− ∂
3
xϕc
2
〉+ 〈U2x ,
∂xϕc
2
〉.
(3.9)
Sine U is independent of time, we obtain that
〈U, (1− ∂xx)∂tϕc〉 =
∫
R
U(x)
∫
R+
∂t(1− ∂xx)ϕc dt dx
=
∫
R
U(x)[(1 − ∂xx)ϕc(T, x)− (1− ∂xx)ϕc(0, x)] dx
= 0
for T large enough so that it does not belong to the support of ϕc.
Colleting the above results, we nd
〈u, (1− ∂2x)ϕt + 2kϕx〉+ 〈u2,
3ϕx
2
− ϕxxx
2
〉+ 〈u2x,
ϕx
2
〉
= 〈U, (1− ∂xx)(∂tϕc − c∂xϕc) + 2k∂xϕc〉
+ 〈U2, 3∂xϕc
2
− ∂
3
xϕc
2
〉+ 〈U2x ,
∂xϕc
2
〉
= 〈U, (2k − c(1− ∂xx))∂xϕc〉+ 〈U2, 3∂xϕc
2
− ∂
3
xϕc
2
〉+ 〈U2x ,
∂xϕc
2
〉
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=
∫
R+
∫
R
(
U(x)(2k − c(1− ∂xx))∂xϕc(t, x)
+ U2(x)(
3∂xϕc(t, x)
2
− ∂
3
xϕc(t, x)
2
) + U2x(t, x)
∂xϕc(t, x)
2
)
dx dt
= 0
by using (3.4) with ψ(x) = ϕc(t, x), whih, for eah given t ≥ 0, belongs
to C∞0 (R). Hene, (3.2) is satised and the lemma is proven. 
Remark 3.5. In a series of papers [21, 22, 24℄, Lenells has haraterized
the traveling wave solutions of some model equations, among them
the CamassaHolm equation. The solutions found inlude very exoti
shapes, but when restrited to smooth solutions, the situation is learer.
In partiular, the smooth solutions are all symmetri around the rest,
wherefrom they deay either to the trough (in the periodi ase), or
to a at prole at innity (in the ase of solitary waves). Though
not stated as a result this is mentioned in passing in [22, p. 410℄. It
follows from the fat that, after integration, the steady solutions of the
CamassaHolm equation, ϕ(x), satisfy
ϕx =
ϕ2(c− 2k − ϕ) + aϕ+ b
c− ϕ ,
where a, b ∈ R are integration onstants. As a onsequene of this
result, for smooth enough waves we obtain identity between traveling
and symmetri waves for the CamassaHolm equation.
Proof of Theorem 3.3. We introdue the notation
ϕλ(t, x) = ϕ(t, 2λ(t)− x)
Consider test funtions ϕ ∈ C10(R+, C30(R)). As noted in Remark
3.2, equation (3.3) remains valid for suh test funtions. The spae
C10(R+, C
3
0(R)) is invariant under the transformation ϕ 7→ ϕλ beause
λ ∈ C1(R). This transformation is a bijetion as we have ((ϕ)λ)λ = ϕ.
If u is an x-symmetri solution of the CamassaHolm equation, we have
that
〈u, ϕ〉 = 〈uλ, ϕ〉 = 〈u, ϕλ〉.
Similar identities hold for u2 and u2x. Then, (3.3) implies that
〈u, ((1− ∂2x)∂tϕ + 2k∂xϕ)λ〉
+ 〈u2,
(
3∂xϕ
2
− ∂
3
xϕ
2
)
λ
〉+ 〈u2x,
(
∂xϕ
2
)
λ
〉 = 0 (3.10)
The following ommutation rules,
∂t(ϕλ) = (∂tϕ)λ − 2λ˙(∂xϕ)λ (3.11)
and
∂x(ϕλ) = −(∂xϕ)λ, (3.12)
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hold, where λ˙ denotes the time derivative of λ. By using (3.11) and
(3.12), (3.10) yields
〈u, (1− ∂2x)∂tϕλ − 2λ˙(1− ∂2x)∂xϕλ − 2k∂xϕλ〉
+ 〈u2,−3∂xϕλ
2
+
∂3xϕλ
2
〉+ 〈u2x,−
∂xϕλ
2
〉 = 0. (3.13)
Hene, by taking ϕ equal to ϕλ in (3.13), as (ϕλ)λ = ϕ, we obtain
〈u, (1− ∂2x)∂tϕ− 2λ˙(1− ∂2x)∂xϕ− 2k∂xϕ〉
+ 〈u2,−3
2
∂xϕ+
1
2
∂3xϕ〉+ 〈u2x,−
1
2
∂xϕ〉 = 0. (3.14)
After substrating (3.14) from (3.3), we get
〈u, 2λ˙(1− ∂xx)∂xϕ + 4k∂xϕ〉
+ 〈u2, 3∂xϕ− ∂3xϕ〉+ 〈u2x, ∂xϕ〉 = 0. (3.15)
We onsider a xed but arbitrary time t0 > 0. For any ψ ∈ C∞0 (R),
let us onsider the sequene of funtions ϕε(t, x) = ψ(x)ρε(t) where
ρε ∈ C∞0 (R+) is a mollier with the property that ρε tends to δ(t− t0),
the Dira mass at t0, when ε tends to zero. From (3.15), by using the
test funtion ϕε, we get∫
R
(
2(1− ∂xx)∂xψ
∫
R+
λ˙ u(t, x)ρε(t) dt
)
dx
+
∫
R
(
4k∂xψ
∫
R+
u(t, x)ρε(t) dt
)
dx
+
∫
R
(
(3∂xψ − ∂3xψ)
∫
R+
u2(t, x)ρε(t) dt
)
dx
+
∫
R
(
1
2
∂xψ
∫
R+
u2x(t, x)ρε(t) dt
)
dx = 0.
(3.16)
Sine, by assumption, u ∈ C(R+, H1(R)), we have that
lim
ε→0
∫
R+
u(t, x)ρε(t) dt = u(t0, x)
in L2(R) and
lim
ε→0
∫
R+
u2(t, x)ρε(t) dt = u
2(t0, x)
and
lim
ε→0
∫
R+
u2x(t, x)ρε(t) dt = u
2
x(t0, x)
in L1(R). Therefore, by letting ε tend to zero, (3.16) implies that
u(t0, x) satises (3.4) for c = λ˙(t0). Lemma 3.4 then implies that
u¯(t, x) = u(t0, x − λ˙(t0)(t − t0)) is a traveling wave solution of the
CamassaHolm equation. Sine u¯ and u oinide for t = t0, we have,
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by uniqueness of the solution, that u¯(t, x) = u(t, x) for all time t, and
u is a traveling wave solution. 
4. The Euler equations
In this setion we prove that the assertion of Theorem 2.2 holds for
the full water wave problem. For lassial meaning of the analysis to
ome, let the funtions u, v, P ∈ C1(R+, C2(R)) and η ∈ C1(R+ × R).
The governing equations for a perfet uid inlude the Euler equations,
ut + uux + vuy = −Px,
vt + uvx + vvy = −Py − g, (4.1)
together with the assumption of inompressibility,
ux + vy = 0, (4.2)
in the interior of the uid domain. In addition we require that
v = ηt + ηxu, (4.3)
P = P0, (4.4)
on the free surfae y = η(t, x), and that
v = 0 (4.5)
along the at bed y = −d. In total those equations desribe the gravity-
governed motion of an inompressible uid of onstant density, propa-
gating on a at bed with no mixing of air and liquid (for more details,
f. [19℄).
Theorem 4.1. Any horizontally symmetri solution of the exat water
wave problem (4.1)(4.5) onstitutes a steady wave.
Remark 4.2. The proof of Theorem 4.1 is arried out only for lassial
solutions as dened below, and for a partiular setting of the Euler
equatons. There is no doubt this an be generalized. As in the ase
of the CamassaHolm equation, the proof relies upon well-posedness
results, whihfor the Euler equationsome in very many dierent
forms. A pioneering paper in this area was [32℄, written for deep-water
waves. For two-dimensional nite-depth gravity waves, suitable results
are [20℄ (irrotational waves) and [26℄ (rotational waves).
In the setting of the Euler equations, symmetry has a somewhat
extended meaning ompared to the model equations.
Denition 4.3. A solution (u, v, P, η) is x-symmetri if there exists a
funtion λ ∈ C1(R+) suh that for every t > 0,
u(t, x, y) = u(t, 2λ(t)− x, y),
v(t, x, y) = −v(t, 2λ(t)− x, y),
P (t, x, y) = P (t, 2λ(t)− x, y),
η(t, x) = η(t, 2λ(t)− x).
(4.6)
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for almost every x ∈ R. We say that λ(t) is the axis of symmetry.
Typially, model equations approximate either the free surfae or the
horizontal veloity along the surfae (or at some xed depth). There-
fore, horizontal symmetry of the wave means evenness of the orre-
sponding solution. Let us prove Theorem 4.1.
Proof of Theorem 4.1. From (4.6), we get
ut(t, x, y) = ut(t, 2λ(t)− x, y) + 2λ˙(t)ux(t, 2λ(t)− x, y),
ux(t, x, y) = −ux(t, 2λ(t)− x, y),
uy(t, x, y) = uy(t, 2λ(t)− x, y),
(4.7)
whih implies that
ut(t, 2λ(t)− x, y) = ut(t, x, y) + 2λ˙(t)ux(t, x, y). (4.8)
If we start by onsidering the rst Euler equation ut+uux+vuy = −Px,
and evaluate it at the point (t, 2λ(t) − x, y), and then use (4.6)(4.8)
as well as Px(t, x, y) = −Px(t, 2λ(t) − x, y) to return to the variables
(t, x, y), we nd
ut + 2λ˙(t)ux − uux − vuy = Px, (4.9)
all evaluated at the point (t, x, y). By subtrating ut+uux+vuy = −Px
at (t, x, y), we nd
(u− λ˙(t))ux + vuy = −Px (4.10)
evaluated at the point (t, x, y). By doing the same operations on the
seond Euler equation, we nd
(u− λ˙(t))vx + vvy = −Py − g (4.11)
at the point (t, x, y). For the boundary ondition at y = η we nd
v(t, x, y) = (u(t, x, y)− λ˙)ηx(t, x, y). (4.12)
Fix a time t0 and dene c = λ˙(t0). Introdue funtions
u¯(x, y) = u(t0, x, y),
v¯(x, y) = v(t0, x, y),
P¯ (x, y) = P (t0, x, y),
η¯(x) = η(t0, x).
(4.13)
By denition these funtions satisfy
(u¯− c)u¯x + v¯u¯y = −P¯x,
(u¯− c)v¯x + v¯v¯y = −P¯y − g,
v¯ = (u¯− c)η¯, P¯ = P0 at y = η¯,
v¯ = 0 at y = −d.
(4.14)
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Finally dene the funtions
u˜(t, x, y) = u¯(x− c(t− t0), y),
v˜(t, x, y) = v¯(x− c(t− t0), y),
P˜ (t, x, y) = P¯ (x− c(t− t0), y),
η˜(t, x) = η¯(x− c(t− t0)).
(4.15)
By onstrution we have
(u˜(t0, x, y), v˜(t0, x, y), P˜ (t0, x, y), η˜(t0, x))
= (u(t0, x, y), v(t0, x, y), P (t0, x, y), η(t0, x)), (4.16)
and u˜, v˜, P˜ , η˜ will satisfy the Euler equations. By uniqueness of the so-
lution of the Euler equations we onlude that (u˜, v˜, P˜ , η˜) = (u, v, P, η)
everywhere. 
5. Existene of nonsymmetri linear waves
Do two-dimensional steady gravity water waves and two-dimensional
symmetri gravity water waves onstitute one and the same lass? By
studying the linear steady solutions we shall see that, for onstant vor-
tiity, there is a strong ase for this notion. However, we also nd that
there exist ows of nononstant vortiity for whih the linear problem
admits nonsymmetri solutions.
We note that symmetry is a priori guaranteed for large lasses of
steady waves: irrotational periodi waves with a partiular interior
struture [30℄; irrotational solitary waves [11℄; internal waves [25℄; and
a major lass of rotational waves [6℄. The latter results was reently
extended to inlude waves of arbitrary vortiity either arrying internal
struture [18℄, or having a monotone surfae prole between troughs
and rests [4℄. Similar results are available also in the ase of innite
depth.
For waves of small amplitude, the linearized steady Euler equations
provide a good understanding of the exat waves. Indeed the exat
steady waves found in [10℄ are, at least near the trivial ows, all per-
turbations of linear waves, and their properties have been found to
math very well those of their linear approximations [13℄.
In [14℄ the dedution for steady waves linearized around a laminar
ow is presented. Let U(y) be a funtion desribing the underlying
urrent into whih the wave propagates, that is, the prole {U(y) : 0 ≤
y ≤ 1} is the veloity prole of a running stream with a at surfae.
Then write a general solution of the steady Euler equations as a small
perturbation of the running stream U(y):
u = U + εu˜, v = εv˜, p = εp˜.
By rst inserting this into the steady Euler equations, and then letting
ε → 0, we obtain the linearized system (where we have replaed u˜ by
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u, et.)
ux + vy = 0, (5.1a)
(U − c)ux + vUy = −px, (5.1b)
(U − c)vx = −py, (5.1)
valid for 0 < y < 1, and
v = (U − c)ηx, and p = η, (5.1d)
valid for y = 1. Moreover
v = 0 (5.1e)
when y = 0. Here η is the disturbane of the nondimensionalized at
surfae y = 1, and c is the group speed of the wave (the ase when
U ≡ c admits only laminar ows). The disturbane of the surfae
should have a vanishing mean over eah period,∫ L/2
−L/2
η(x) dx = 0, (5.2a)
L denoting wavelength, and u should have no omponent depending
only on y,
u(x, y) ≡
∫ x
0
ux(ξ, y) dξ, (5.2b)
or equivalently u(0, y) = 0, sine that should be part of the bakground
urrent U(y). For suh linear solutions, the following result holds:
Theorem 5.1.
(i) If the bakground urrent U(y) is of onstant vortiity, U ′′ = 0,
and dierent from the wave speed, U(y) 6= c for all y ∈ [0, 1],
then the linear problem admits only symmetri solutions.
(ii) There exists an a.e. twie dierentiable bakground urrent U(y),
suh that the the linearized problem has multiple solutions and,
in partiular, non-symmetri solutions.
Remark 5.2. This has the following meaning for the full water wave
problem: when the vortiity is onstant, there are no asymmetri waves
lose to the trivial laminar solution. There exists, on the other hand,
partiular bakground urrents that may allow for bifuration from
asymmetri kernels. Thus, one annot at this point exlude the exis-
tene of symmetry-breaking bifurations.
Proof of Theorem 5.1. By taking the url of the linearized Euler equa-
tions, and by dierentiating p = η along the linearized surfae y = 1,
it is easy to see that
(U − c) (vxx + vyy) = Uyyv, 0 < y < 1,
(1 + (U − c)Uy)v = (U − c)2vy, y = 1,
v = 0, y = 0.
(5.3)
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The system (5.3) is equivalent to (5.1) in the sense that if (u, v, p, η) is a
solution of the rst system, then v fullls (5.3), and if v is a solution of
(5.3), then one an nd (u, p, η) suh that (5.1) holds. While for a given
v, a solution u is only determined modulo funtions f(y), and η up to
a onstant, the presribed normalization (5.2) leads to uniqueness.
By resaling in x, and letting α(y) = U ′′(y)/(U(y) − c), we may
onsider the system
∆v = α(y)v, 0 < y < 1,
µ1v = µ2vy, y = 1,
v = 0, y = 0,
where µ1, µ2 ∈ R with µ21 + µ22 6= 0.
Case (i). We have that α ≡ 0, hene α ∈ Cβ((0, 1)), for any β ∈
(0, 1). Then neessarily v ∈ C2,β(R × (0, 1)) [15℄. That guarantees
that the subsequent analysis makes sense pointwise. A Fourier series
expansion v =
∑
k∈Z fk(y) exp(ikx) leads to
−f ′′k + α(y)fk = λkfk,
µ1fk(1) = µ2f
′
k(1),
fk(0) = 0,
(5.4)
with λk = −k2. Then (5.4) is a regular SturmLiouville problem, and
aording to standard theory [27℄ there exists a number λ0 suh that
there are no eigenvalues λk < λ0. We nd that fk(y) = sinh(ky) are
the only possible solutions of (5.4). It is easy to see from the boundary
onditions that there is at most one integer k admitting a solution, and
this happens only if U satises
(U(1)− c)2
1 + (U(1)− c)U ′(1) = tanh k
2, (5.5)
for some k ∈ Z. Sine traveling waves are invariant under translations
in x, there is no loss of generality in requiring that v(0, 1) = 0, meaning
that at x = 0 there is a rest or a trough. For running streams of on-
stant vortiity the kernel of the linear problem thus is a one-dimensional
family of solutions
v(x, y) = sin(kx) sinh(ky),
where k is given by the dispersion relation (5.5). It then follows from
(5.1) that (u, p, η) is an even funtion in x so that the wave is symmetri.
Case (ii). Consider the system (5.4), where α(y) is now unknown.
We shall make use of the following result from inverse spetral theory.
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Lemma 5.3. [12℄ Fix µ2 6= 0 and µ1 ∈ R. A sequene of real numbers
{λk}k≥0 is the spetrum of a SturmLiouville problem (5.4), for some
α ∈ L2([0, 1]), if and only if λk is an inreasing sequene, and
λk =
(
k +
1
2
)2
pi2 + C + rk,
for some C ∈ R, {rk}k≥0 ∈ l2(R).
We may thus rst x µ1 ∈ R, µ2 > 0, and a nite N ≥ 2. By
hoosing C = 0, and{
rk := −k2 −
(
k + 1
2
)2
pi2, k = 0, 1, . . . , N,
rk := 0, k ≥ N + 1,
in Lemma 5.3, we obtain λk = −k2 for k = 0, 1 . . . , N , and onlude
that for any nite number of k's there is a funtion α(y), and nontrivial
funtions fk(y), satisfying (5.4) (sine N is a nite number, there is no
problem rearranging the rst N eigenvalues in inreasing order). By
dening a real funtion v as a linear ombination of suh, we obtain
that
v(x, y) =
N∑
k=0
fk(y)(ak sin(kx) + bk cos(kx)), (5.6)
where N is always nite. The a.e. twie dierentiable funtion v is
then a solution of (5.4) in the weak sense (it satises the equations
pointwise a.e.).
Furthermore, by solving the seond order dierential equation
U ′′(y) = α(y)(U(y)− c),
with initial value onditions
U(1) = c+
√
µ2 and U
′(1) =
µ1 − 1√
µ2
,
we reover the bakground urrent U(y). Let x = 0 be the position
of a rest or trough. It means that we impose v(0, 1) = 0, whih is
equivalent to
N∑
k=0
fk(1)bk = 0. (5.7)
If the solution is symmetri, then we have v(x, y) = −v(−x, y), that is,
for the solution of the form (5.6) that we are onsidering,
N∑
k=0
fk(y)bk cos(kx) = 0 (5.8)
for all x ∈ R and almost all y ∈ [0, 1]. Sine the funtion fk form a basis,
(5.8) implies that bk cos(kx) = 0 for all x, whih in turn implies that
bk = 0. For N ≥ 2, it is lear that there exist bk's whih satisfy (5.7)
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and whih are not all equal to zero and, for those bk, the solution is not
symmetri. Hene there exist asymmetri solutions of the linearized
Euler equations. 
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